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BUCKLING OF GYLINDERS GF BANDWIiGH GONSTAUCTION
IN AXIAL COMPAESSION*

By

H. W. MARCH, Mathamatician
und

EDWARD W, KUENZI, Enginesr

Forest Producte Laboratory, & Foreat S8ervice
U. 8. Departmant of Agriculture

Summary

W theoretical analysis fo@ behavior of long, circu-
lar, cylindrical shelld of sandwich construction under axial compressaive
loads. The anaiysis in designad to evaluate the effects of the relatively low
shearing modul! of sandwich cores on buckling stresses. Families of curves
are presgented for use in designing shells of sandwich construction having iso-

tropic facings and orthotropic or isotropic cores.

The results of the theoretical unalysis were compared with those obtained
from tests on a peries of curved pansle. It was found that the theory applied
reasonably well to curved plates of sises sufficient to include ot least one
ideal buckie. Application of the theory thus is not limited to long, complsle

cylinders. &

'!'TNI prograss report is one of & seriep propared and distributed by the
Forast Products Laboratory undar UU. 8, Navy, Bureau of Asronautics
Order No. NAar 01237 and 01202, and U. 8. Air Yorcec No. UBAY 18
{£00) -70. Results here reported are preliminary and may be revised
ars additional daia become available. Orviginal report published June 1952,

“Maintained at Madison, Wis., in coonsration wilh tha University of Wis-

conein.
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Introduction

In the design of alrc.aft anu guided missilee, it was found necessary to de-
vise & method of determining the streas at which cured sandwich panels
subjected to axial compression become elastically unstable. It ia known
that, for thin. homogeneous materials, a curved form greatly increases the
critical load as compared to a flat sheet of the same approximate size, A
similar increase may be expected {or curved sandwich panels, Although
this report applies primarily to sandwich construction for aircraft, the re-
sults are general and apply to any structures of the type considered,

This report presents a theoretical analysis of the behavior of long, circular,
cylindrical shells of sandwich construction under axial compressive loads
and an experimental confirmation of this analysis by tests on curved panels

" of sufficient aize to include at 1east one ideal buckle. Thus, these panels

are assumed to simulatc the action of complefe cylinders,

The buckling of a homogeneous, isotropic, thin-walled cylinder was treated
by von Karman and Taien (16)— and by Twien {13, 14) in related papers.

These authors assumed, in addition 1o the wave form of the classical theory,
inward buckles of diamond shape to repreient the characteristic buckles that
are actually observed, They used an energy method to determine the criti-
cal compressive stress. This method, in which only diumond-shaped buckles
are usec, was applied by March (7) to cylinders made of plywood, an ortha-
tropic material. Particular attention was paid to the effect of initial irregu-
larities that contribute to the observed scatter of experimentally determined
critical stresaes of both {sotropic and orthotropic cylinders,

In this veport, the effect of shear deflormation in the core of a sandwich
cylinder is taken ixto account by employing an approximate "tilting" method,-
This method was used by Williams, Le_.gett, and Hopkins in their analysis

of flat sandwich panels (18) and by Leg, tt and Hopkins in their analysis of
flat sandwich panels and cylinders (4). It amounts essentially to assuming
that the transverse components of shear stress are constant across the thick-
ness of the core. The form of buckles assumed by Leggett and Hopkine (4)

in the cylinder {s different from that assumed in this report, B

The :ore and facings are taken to be orthotropic, with two of their natural
axes parallel, respectively, to the axial and circumferential directions of
the cylinder. The facings, which may be equal or unequal in thickness, are

3
~Underlined numbers in parentheses refer to Literature Cited at end of
report.
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agsumed lo be thin, but their flexural rigidities are not negiected, &s these
may b2 of importance in ceriain casas. All stress components in *he core
are neglected axosp! the transverse shear components. 1t was pointed out

by Reissner (12) that the stress component in the core normal to the facirgs
may be of importance in the analysis of sandwich shells. Preliminary calcu-
lations indicate that the effect of this component is small in the problem under
consideration,

As was done in work described by Forest Products Laboratory Report No.
1322-4A (D, initial irregularities are assumed to be preaent and to grow un-
der increasing compressive load until buckling occurs. For a discussion of
this importiant matter, the reader is referred to that report and, in particu-
lar, to the observations of the growth of artificially produced initial irregu-
larities, Also aa described in report No. 1322-A, a large deflection theory
is used to take invo account the nonlinear support associated with the curva-
ture of the shell, 2s discussed by von Karman, Dunn, and Tsisn (17). The

derivations of the difierential equation for a stress function and of the ex-
nraasion {or the sneragyv of definrmation are extensions of the anajyais used

hv von Karman and Tsien !IM for the homogeneous, isotropic cvlinder to the
aandwich cylinder conposed of orthotropis materials. Suitable modification
is made for the effect of shear deformatinn in the core of the azndwich.

Theoretical Analyais

Choice of Axes Notation

The choice of axes is shown in figure 1, the coordinate zbeing measured
along the circumference. The notations for stress and strain are those of
Love's treatis# (2) The components of displacement in the axlal, circum-
fc. wnvial, and radial directions, respectively,areu, v, and w, the latter
being positive inward. 8ince initial irregularities of the cylindrical surface
are agsumed, the symbol wg in used to denote the initial distance, measured
radially, of a point of the middle surface from a true cylindrical surface of
radius r, and the symbol w to denote the corresponding distance at any stage
of the deformation. The thickness of the core is denoted by c and that of each
facing by f) and {,, respectively.

Extensional Strains and Stresses

Expressions can now be written for the extensional strains uniform across
the thickness of the cylindrical shell and for the corresponding meen mem-
brane stregsas. On thass will bs superposed 5 gystem of flexural strains,

Rept. No. 1830 -3-
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and the energy of daforination asscciated with each aystem of strains will

NI e A LR iy ol Mt

be found, .
. The extensional strains are expressed by the equations: f .
, 2 2 oo
. N Ll/odw 1 i
SRS T3 1¢ S RE 10 )
dv lzbwy _1f0WN Wy ¢
wreytilsy) "i\&/ Y Y W

Bu By  dw dw W, 8w,

[ P — — L e——
ey " ox By ;

: B -
xy by
In each facing, the corresponding stress components are:

e L R
XK = T (Cxx + U’Yx Eyy)

BERL [

E
: Yy a _)\z (eyy * oy, erx) . {2)

Xy = xy €xy

where E, and EY are Young's moduli, Hyy {s the modulus of rigidity for
lhelrl;g—ltruin—lrel‘erred to the x and y dirsetions, v, ando i AT Poisson's

R e e U

All of these quantities are slastic properties of

e gawpe s

ratics, and A = | - ’xy ry,_.
‘ the facings. Because the stress components X, .I!' and .)_‘l Are paglected
? in the core, ‘he mean membrane stress comp::mto for the cylinder are;
— E,
X, = < (o t yx e")
- B
Yy =% oy * Cxy o} e) .
L4
XY “ b Oxy
where: )
E‘l b . Bbx--j-——-——-h , le—l—j———h (4)

. |
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From the relation:
tx 'yx = Ey c“ (6)
that holds for orthotropic materials and equations {4), it follows that:

By Oyx " By Oy (7)
By using this relation, it is found from equation (3) that:

1 = 4 s

R, _
) SRR - Sy S e — '

o E Yy B R YR % )

R DR

. Y

The mean membrane stress components satiafy the equations of equilibrium:

R, X

=t

— (9)
..aﬁ'.- ﬂl-o

[ ]

They can consequently bs sxpressed in terms of & strass function as follown:

=~ OF - 'r - 0y
. Y T - - (lo)
Dy?' Y ot axdy

1t is found from equations (1) by elimtnating u and v that:

oZe »?

xX "yy ny azw 2 sz .Z'
+ - (=) - — .
oy2 ox2 Ixdy  Ixdy me 8y -
3w 2 0iw_ dtw 1 0%w 1 0w
- “.__0) + -] o R + - ”
oy o e rex? r ox?

Oze

Rept, No. 1830 8.
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By introducing (10) in (8) and substituting the results in {(11), the following
differential equation for F is obtained:

'F ity g'r  ¥w? swatw gt 2
A +B + a( - - -
ot syt axay? axdy  ax? 0yl axpy
o¥w, o®w 1 0%w 1 %W (12)
+ _T -—-z- - - —r-p -
ox by r " r nz
where:
AIL Ba—l_ Cl_l -ﬁt “3)
By - By bm  Ey

It {s readily established that the following expression represents the energy
of extensional deformation of & rectanguiar portion of the sheil with edges of
tength x-and b: :

h -2 =2 20, - 1 =2
o " 4 +—X "l dyd 14
wl'zj J[nxt tAY - XY, ™ y] y dx {14)

Form of Buckies and Initial Irregularities

The atress components ’_{x' Y, , and X_ in (14} are derived from a siress
function F, satis{ying the difidreniial :qultlon {12), which involves deriva-
tives of w, and w represanting the initia} 222 Jil>rmed middle surface of the
shell, FBF w, the inward radial defiaction, the {ollewving form will be chosen:

.:._”.=g+ 8 cos? (By - ax) cos? (By + o) , 18
where
Aed =] h

The nodal lines of the trigonometric portion of equation (i5) are shown Iin
figure 2. The displacement w s positive inward. In equation (16), aand b
represent the length and widih, respectivaly, of & diamond. The initial tr-
regularities will be assumned to have the form (15). This is done for the pur-
pose of simplifying the calculations, Then w, ls chosen in the {ollowing form:

Rept. No. 1830 -6-
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—r'i =g, 8, cos? (By - o) cos? (By + ax) (7
An initial {lat spot on the rurface of the cylinder could be described roughly
by equation {17). An initial irregularity was introduced here, as it was in
raport No. 1322-A (7), to obtain a qualitative description of its influence in
cauding an isolated huckla to develop in {ts vicinity, If the initial depth of

an irragularity of the form (17) is very small, the dimensions of the area
that it occuples are not very important, For this reason in order to simplify
the calculations, the dimensions & and b in equation {17) are taken to be the
same as those in equation (15). From the qualitative description that is ob-
tained of the development of an isolated buckle, conclusions were drawn in
report No, 1322-A that led to the derivation of the {inal formulas from the
analysis for the case w, = 0.

The details of substituting (1%) and (17) in {12),_of obtaining the stress func.
tion F and the ptress componem= X ¥ | and X, of substituting these siress
cnmf;;ment- in equation (14), and of relaled operations are identical wiih the
corresponding operations performed in report No. 1322.A4 (7). Reference

ig therefore made to equations {21) and {31) of that report. The following
differences {n notation should be noted:

Notation of Report No, 1322-A Notation of Fresent Report
H E E
ELory, Tyx  Txy
H E, E
f. 1, b, &,
L] L ) - e
X, v, XY X, Y, xy

From equation (14), the energy of exienaional deformation W) is then found

to he: \ —
IRRPICIIPY. I e ~rree)|
wy w2 dartatpt (6. 60 | Ll N r B (508
12688 128Ac

4 1 + 1.
16 (Aa® + 81BB* + 9CaP8Y)  16(81Aa’ + BAY + 9Co28Y

( 1 Dz .
4{2 - —r——] s
2.2 8o
+
+ rTg (848 2 4Epz+4Ac‘a+—E!’;c! p} (18)
&

ta{aat + BAY + CoaPBl)
Rept. No. 1830 -T-




Thia equation is equation (31) of raport No, 1322-A (7} with tha proper values
inserted for the formar abbraviations M and 8. The quantities p and o,

represent the mean compreoeive stress and the mean circumferential stress,
respectively,

I nis the number of tuckles in a circumference, the width b of an individual
buckle and n are related by the equation:

» 29T ,
b n (19)
Then:
¥ n
B=p=so (20)

It will be convenient to denote the ratio l—:-of the dimensions of a buckle by:

h_
7B (e1)

in the expression obtained (rom {18) by using equations {20) and (21), let;

q-nz.!-;-, E=6L, 6,2 6,F {22)
K, = Azt + 81B + 9cz? (23)
K, = 81424 + B + 9ce? (24)
Ky = Az" +B+ ClZ (25)

4 1 :4 24 17:4 (26)

e = e + + + +
! T 4096B  1096A 512K 312K, 2048K;

e -_.L—i-.i (27)
Z S1ZA 32K,

4

1 )
2 28
®3 " 356a ' 12K, (28)

Equation {18) then becomes:

Rep:. No. 1830 -8-
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W) = hab {[elnz 02 -¢,2% - emt? -2 0 - 8

2 2 Ac)t o
+ey (b - ﬁo)z] % +BR_, 1, —-x- clp} (23)
r 2 2 E,

Flexural Energy of the Shell

To determine flexural energy of the shell, the following eimplified expres-
sione for the changes in curvature and unit twist are used:

i w-wy) 82w-w) 8% (w-w)

ox? oy?' Ixby

(30)

A discugsion of the approximations involved will be found in a paper by
Donnell (1). These expressions were used by von Karman and Taien {16)
and by March (7). The expresaions (30) are exactly those used in calculat-
ing the flexurnl energy of a flat sandwich plate. The approximate flexural
energy of such & plate was found by March (9) and by Ericksen and March (2)
by uaing the "tilting" method of Williams, Leggett, and Hopkins {4, 18).

In this method it is assurned that any linc in the core that is initially straight
and normal to the undeformed plate will remain straight after the deforma-
tion, but will deviate in the x and y directions fromn the normal to the de-
formed plate by amounts that are expressed by the parumeters k and k'.
These parameters are determined by an energy method. These "tilting"
factors k and k' are introduced as well as two quantilies § and q' that deter-
nine the politionu of the surfaces in which, respectively, the componenu u
and v of the displacement in the core vanish. The letters k' and q' replace
h and r, respectively, of report No. 1583-B, because h and r have already
been used in the present report. The following derivation of the expression
for the flexural energy follows closely that used for the flat sandwich panel
in Forest Praducts Laboratory Report No. 1583-B {2), to which reference

is made for further details. For the sake of llmpllcity in writing, the initial
irregularity w, will be for the present taken equal to zero. It will then be

introduced in the final steps by replacing w by w - w,.

The components of displacement in the core (fig. 3) are taken to be:
u_w-k(§-q)

vero KL -ags (24)
we s w (1, y)

Rept. No. 1830 -9-
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Thus { = q denotes the surfaca in which the compunents of displacemant in

the x direction vanish and i {a the parameter describing the inclination in

the x direction of the relpleuvq plane sections to the normal to the daformed .
surface. Similarly ' and k' are related to the displacemants in the y direc-

tion. These four quantities are to be determined in such a way that the {lexur-

al energy associated with a prescribed deflection w is a minimum.

To arrive at expressions {or the components of displacement in the facings,
{t is noted that the continuity of the dieplacement at the facing.to~core bonds
requires that the components {31), evaluated at { 2 0 and [ = ¢, shall be
those at the inner surfaces of the facings f§ and f;, respectively. Within
each facing, the components of displacem®t ar€Rssumed to be such that

a straight line initially normal to the undeformed surface of the plate will
be straight and notmal to the deformed surface, Accordingly, the compon-
entd of displacement in the facings l! and (2' resapectively, are:

= -y AW
= (kg - ) ™
o e e - B 62

w, = w (x, y)

-[k(c-q)+(-c]%¥-

V‘,'a-[k' {c -q')+;-c}%’;’- {31}

and

wy 2w (x, y)

The componenta of strain in the core ¢ and facings {; and fz will be denoted
by the superscripts ¢, 1, and 2, respectively. -

From (31), the traneverse shear strains in the core are:

g’ = (I - kjgm :: .5? (1 - k')%"';' (34)

The effect of the remalning strains in the core {s assumed to be negligible.

In finding the strain energy of the {fazinge in the bending of the plate {or shell),
it is convenient to consider the components of strain in the {acings to result
from the superpoaition of two siates of etrain.  The {irst of these consists of
the membrans strains in the facings aasonciated with flexure, that is the
strain in their middle surfaces. From (32) and (33), these struine are found

to be:

Rept, No. 1830 -10.
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" (ka +7) "‘2‘

2

(1) o W'q' 41y 2w
e"-(kq + z),yz
I 0w
el)) o ka4 ks 4 ) g (35)
and

r a2
&) f2}a°w
Cxx " " “‘C'q“z,xz
(2) F.'. ' ) sz
e ' a.jk (ceqQ) 4 =] ==
Yy X "'_;ay"
4 s Tkfe-q) ek fc-q)ert olw {36)
A R B T,

The second state of atrain in the facings i{s that asscciated with their bending
akout their own middle aurfaces. This state, in either facing, has the com-
ponentas:

2 4 2

' v 5w e t 5w e v 8w
¢ .- ‘ - I = - t- —_— C z - zc (37)
xx sz— yy ay xy ax dy

where g‘ is measured from the middle surface of the {acing under considera-
tion.

The strain energy in the core or facings io given by the expression (6, 8).

U-—ﬂJl’f.‘ elxx + E eyyier-:xwwt xxyy

+ Xp.,w tzxy + l.py‘ e?‘zyL + hpgx GZ(J d{ dy dx (38}

where for the material under consideration (core or facing}, » =
E, and .El are Young's moduli, Hyyr W 1% and By 85© moduli r rigidlt;:

I—I"l‘d Ty and Ty ATE Poisson's ratios. Prlmeﬂ“hern will denote the elastic

Rept. No. 1830 ~Hi-
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constants of the core material and unprimed letters will danote thosa of the
facing material, The integration indicated in formuia (38) is to be carried ]
out over the area OABC of figure 2 and the thickness of the core or [acings.

The energy in the core is obiained by substituting expressions (34) into (38),
the remaining strains in the latter formula being neglected as previously
atated. After integrating with respect to { over the thickness of the core,
the expression for the energy, denoted by U, is

b }
v, .%jj LL", (1 - k)% (:_:’.)2 by (1 k') (:y_‘.azj dy dx (39)
]

The strain snergy in the farings ansaclated with the membrane straine is the
sum of the energies obtained from (35) and {36). With the substitution of
these expressions inio {38} ohc obtaine integration with respect to L,
the fodowing expresaion whic

b
£, 2 f024 ,.2 42
UM:E%,/‘_[ [Exl\rfl(kq+—;—) +£z(k(c-q)+.ii)}(g%)
L x
o I 2 Vv A2 et 2
I

T et oy b e % £

[ 2 2
+2Extry (kq+-—)(kq +—)+(z(k(c-q)+-2-)(k (c-q)+_)}§_¥.:_‘"
x” dy

[] ] 2
+ kp,‘y{fl (kq + k'q' + fl)z t 1, (k fc-q)+k (c-q})+ rz)?(.:;.;_";)j dy dx (40)

The strain energy in the facings associated with the {lexural strain, U, is
obtained by substituting expressions {37) into (38) and integrating uver the
volume of each fucing. After integrating with respect to ,

(3
2
“r'(l ) [ (__’“’)n: 2w )+ZE¢ oiw 8fw
=) [ ] (55) ey iy
2, \2
+ Mixy (':;%) ]dy dx (41)

Rept. No. 830 -12-




Now in all of the expressions (39), (40), and Q) replace wby w - w,. The
. flexural energy W, of the region OABC of the shell {a the sum of Uy, Up,

and U .

SHE »

‘ ;‘ For equillbrium. the “'titing" factors k and k and the ordinates q and q' of
N the neutral surfaces are to be chosen so that the tota! energy is a minimum.
But these factors appear only in the flexural energy Wz Hence, they must
be chosen to satisfy the conditions

| oW, aw v, BWZ

) 0, ekt [}
AT D R R T

=0

By proceeding exactly as in report No. 1583-B (2), the quadratic form (Al4)
of that report with k! and q' replacing h and r, respectively, is obtained for

wz The coefficicnts 13i in equation {A14} are defined by eguations (Al5) 1n

a 2
A, = L rE B(w - wo) A o (w - wo)\ dy d (42)
155 l_ X\ axZ Y Mxy\" axby y dax
4] [+
& b
2 2
1 E° (w - wg) 8" (w - wg)
Az Siff[ax (ryx aﬁz 3yl
! v} [
2=
8% (w - wy
+ pry axdy dy dx (43)

8‘( - wg) aZ (w - wo)Y
s - f J v ) 4 M"xy O:Oy wo) dy dx {44)
a b 2
. A, » ' (w - wo) dy d 45
4 H tx ——a';'—'—' y ax ( )
2
f j (w , w"’ dy dx (46)

Rept. No. 1830 -13-




On fuctoring out-tha commaon factor, it 1s found that:
2w, = 12 (6 - &) -b[ B,' (ka)? + 2B, (kq) (k'a') + B, (k'a")?
] ¥ 1] L] 1 ] 1 t
+2B, (kq)k+ 2B, (kq) k' + 2B, (K'q)k+ 2B, (kq)k

12

1.2 ’ ' [ 1 ' [}
+By k“+ 2B kk + By k4 2B, (kq) + 2B, (kq)

] ] 1 ’ ]
+2B); k+2B,;, k +B;, *BIS] (47)

where the quantities Ei' are defined in terms of the quantities Ai' by equa-
L tions {A18) of report Mo, 1383-B, cach A; replacing the corree_pandlng A;

in thoue squations. The quantity in brackets in equation (47) correnpond—n_to
ZU in report No. 1583-B. (Note that sguation {A22} of that report should
- Tead P = EU ¥ :

It is easy to see that the steps of imposing the conditions

aw aw W

ow
Z 20, _(_G.)do, —t20, —&s0
Oikq; 8lk'q 8k o'

- and of determining kg, k'g', k, and k' and substituting their values in the ex-
: pression {47 for ZW?' are identical with those taken in report No. 1583.B (2)

and that 2W, is equal to the right-hand member of equation {A25) of that re-

port multiplied by r? (6 - Ga)z ab, It is concluded from equationa (A26), {A27),
and (A28) of report No. 1583.B that:

' ' ', ta' vl ]
1 t2A; + Ay T(A‘ Ay - A, )('K:r A:-)

, I[A
W, =1/2c%(6-5.)° ab
2 ° Ae A'e 2(A A -4
1* A +* 1A - A

l+ [] + [] ] []
s M Aghe

L
I A 4 ZAz' + AJ') (48)

where I, I, snd ¢ are defined by:
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f’fz fl +fz 2
!'114.(2 @"' 3 ) (49)

‘13 + f23
t " ™13 (50)
cf, f
1°2
A (51)
1 2
and A by:
A e 0B 4 o?0%) (52)
'A'l' = -|L (Euvuu + Al-luu) GZBZ (53‘\
ir A &3 Tay
1 _}_ 4 2 nly ,
Ay = x 3 EyB + M‘xya ) (54)
. 3aP 3p% '
A T e (59)
Note that
A'+ZA'+A'-L4K
i 2 3 A 4
where
K, =3E.2 +3E_ 4+ 2(E.e + 22s )12
4 X q Kcyx ”xy

and introduce the following abbreviations in the expressions for Al" A?.”

s ——

and A3 H
T 4 4
1
A By g & 4 Ay "I:T"; (56)
where
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4 2
"1"‘:' +xuxv:

dy = (Ex Tyx + )q.n,‘y)nz (87)

2
dy w3Ey + My s

Also,
Il 1 2 ' l
3a u, I p, .
' X (43 58
A 4 = 8 - B ( )
Subastituting these expressione for A.i equation (48) becomes
s#g 2y gl 1,
; - Vo2, W2 4 z[ﬁ S Gdy - 4 )‘!" gy vy "]
W, m=——r" {b- b, abpg L x ¥§
€2\ o 48214 2
- 8826  8p%d,e  648%°(d,q, - d,2)
1+3";5+3"‘+‘k3' '7;*
; ML Myt MRy
+ LK, (59)

The following transformations are raade by using equations (20) and (22):

ZE ¢ (60)

 J
1
>
*
e
)
E1
¥

whare
ZE_¢

By = JRp'ﬂrh (61)
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The coefficient of the expression in brackets in squation (59) ie aleo trans-
formaed by using aquations (20) and (22). The expuulcn for W, becomes:

(g - gg) s ot [ [Ka+ ey - N5 (“”1

w ,
2 32ar? LB 8 ql (4,4, - 4,9 8,3,
E z* E, E* 3
3
+ M) K, (62)
Or
2 2n ‘
W,=esabn” (£-6€) = (63)
where ( 7 i' f4 4 A 2y 1 li! Q \1 ]
) [k ¢ @2y - A g 5 8
e, = 3_;:_ % X % - LC I (1,/h3) K, (04)
L 5 St s N nPld dy - 4,9 8,8,
E_ = E, E 2 22

Virtual Work of the Compressive Load

Exactly as in equation (35) of report No. 1322A (7), the virtual work, W,,
of the compressive load, calculated for the region OABL, figure 2, is—
found in the notation of the prelent report to he:

2 Ix 2
W, = abh [Bp +-E‘Y-pcl —E 2 o (e - o)p]

[ 4 2 h
= abh [Bp?‘ + Ex;x Pc) tegm & - ﬁol) p ;'] (65)
where
3
il | (66)

It will b convenient to conalder the mean energy per unit volume of the
cylindri. al shell. Hence:

W e (W, + W, - W;)/abh (67)
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In accordance with squations (29), (63), ard (65)
_ R _
W = [e,n‘ R Y Y (L Y R R (S
2 Ac,2
ber 8 - e)‘] Cen(@t- gl el BE 5L (68)

The Bucklinl_Streu

For equilibrium, the derivatives of W with respect to the various parameters
& ci' &y and £ vanish. From the e condition

ew =0, it follows that ry = ) (69)
aCl

Now ¢, denates the mean circumferential stress. The parameter g appears
only in the expression for c, an given by equation {30) of report No. 1322-A
(7). The fact that c, vanishes implies that g, which describes a uniform

radial expansion of the cylinder, takes on such a value that the meen rircum-
fereniial stress vanishes. Further consideration of the parameter g is not
necessary.

From the condition %% = 0, it fellows that:

ez 3¢ + §,) eun
p=[2=,n(£+£,) 2 ) E«{—] '&3—5&&)7 (r0)

where p, as previously noted, is the mean compressive stress.

Let:

e e e

1 2 3 4
Yy M=, Y W=, Y S=m, Yy B (1)
1 a 2 E, 3 E, 4 E.

Then (70) can be written;

psE, [Zvlﬂ(-'-ﬂo)-M :'_’2_ Eél](i_e_li (12)

The mean compressive sirkin ¢ is expressad by:
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As in report No. 1322-A (7). it is found that:

t'BP+ (E - £, Z)h (73)

l||

The further equilibrium conditions

LA aw
9'\ IOlnd-o—-:-IO

gre to he satinfied. The first of theae is associated with the number of
buckles in a circumferenca or with the width of an individual buckle, and the
sccond with the ~ativ 7 of (he widih of & buckle to it ]t’fﬁé.,lh. It im nnt

analytically fensible to use these conditions in connection with equation (68).

The foiTowing method 6f arriving &t the critical value of P is based upon an
extended discussion in report No. 1322-A (7). PBriefly, it was considered
that an isolated initial irregularity would increxse in size and depth with in-
crezsing mean compressive stress p. It was therefore considered that the
load-mean compreasive strain curve, with p as a function of ¢, for a given
amall initial depth of irregularity would be :he envelope of the family of
curver for p a5 o function of ¢, drawn for 1 series of vulues of n by combin-
ing equaliom (11) and (72). Cn taking into consideration the possibility of
jumps from one eneryy level to another, il was concluded that the critical
valnea of p waesld scatter considerably, as they actually do in test, depend-
ing upon the depth of the initial irregularity and the characteristics of the
loading process. It was noted that the value of p at the relative minimum
puint on the envelope of the curves for p as a function of ¢, drawn for §, = 0,
was intermediate among the possible critical values of p. This minimufn
waa accordingly chosen as the 'thepretical" critical stress, because it could
be conveniently determined by finding a relative minimum of p as 2 function
of { and 1. It is necessary to employ numerical methods to determine the
relative minimum value of p.

In report No. 1322-A (_) the aspect ratio ¢ of the buckles was assumed on
the basis of experimental observations before the minimization of p was
undertaken, Here, because of the infiuence of shear deformation in the core,
a suitable value to assign to £ can not be estimated.
Equution (71), with §, = 0, can be written !n the forin:

h
pr KE, T {74)
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where
2
32 2 Y3
K=3 [w, b e E e 2y, n] (15)

The mean compressive stress, pg, in the facings is related to the mean com-
pressive stresa in the shell by thé equation

o E.L(i!il_‘_?-.’ (76)
On recalling the definition of E,, it is seen that equation (74) can be written
py = KE, 1,‘- (177)
For a relative minifmum of Py the condition

aK

e m () muat he satisfied.
1

From this condition, it foliows that;
3\'2

g = 8—;;; (78)

The substitution of this value of § in (75) yields
]

L 64 Y3 %Y
n-;z—z(-ﬁ--m*’un) {79)

In equation {79), K ia a function of n and z, which occur in the deﬂnmona of
D Yy Y Yy and Yy By using the definitions of the quantities E E.

lndTm-ﬁlprpe&r through the symbols A, B, and C in the equltionl Tz),
(27), and (28), the following ¢xpressions are obtained for Vl' yz. and y3
(see equations {71), (26), (27), and {(28):

Y, 8 z“ + E‘Y 14
1 * 4096 ' 3096 E E ZE.
* osiz(etEesn ¢ 5 18, 2%)
y Mxy
+ :4 + 171‘
4 gx gEx 2 r g2Ey 2
512 {Blz Tot149: 5 - lexyl j 2048 (z4 —-—+ 14 2, t X
y °y Ey Yxy y
(80)
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Y, " Y _ 4 E e (1)

S12E, 32 (4= 41 4 - 2¢_ 82)

3 Y P"Y Xy
E 4

.t = . (82)

Y3 4 Ex t2E, 2

256E, 32 (= B +14 - 2¢ xy® )

y My

In obtaining the expression for y, from equations (63) and (70), it is con-
venient to introduce the notatiom—

Twitss —1'+ £ (Eytyy + 2hng,) 2 (83)
sc that
K sE T (84)
and
K
A, _hT (85)
E. f + fz r : 5
x

then I+E~(dld3-dzz)s—l('—l+8)
P rT + 1 (86)
L FIUR (Y - ™, 5, '!d33y n’(dd, - 4, )S,J

E,. 2 Ex z r 2

Buckling Stress of Sandwich Constructions with Isotropic
Facings and Orthotropic or lsotropic Core

For isotropic facings, considerable simplifications can be made. In this
chse

x'E -(Ekﬂ+2kp"y)-5. pxytp-EIZ(l-rc)

Then
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;
¥
143d o4 at 17 24 .
A alvevd Teor? 512 0c2a e 22 (87) ‘
1 4096 512 (x%+9)° 512 (95%+ 1)* 2048 (1 + »%)
4
1 z
v, 2=+ (88)
2 512 32 (14322
4
Y3 * ‘6 * : Zy2 (89)
2 +
256 32 ( z)!_'_l(dldj'dzz)'l (s"a,s)
2y
y = T (3!‘ + 3+ le) Ea '2 + If (90)
4 osannd ) 1) . Sk , M8y, 8,8, {d;d; - dp2)
Ez? E EZ 22
- whars
' T=32%124 2% (91)
; 24 E ’
t § = _22‘._!;_.— S = _—.*'_ (qz)
_ x 3y, rh Yy 3\u _,rh
: {x 14
. After some manipulation involving substitution of expreasions for Yo Y
H 5, and y,, formula (79) for K for sandwich construction with isotropic :
facings and orthotropic core can be written an:
t M Myn+ M 1128 I
E KETl+ ZZI [ 2 3 L 3 l+;-f-Mlﬂ (93) I
: INKT () 4 65) L1+ MnS 4+ M n“S, ;
where 2 f
64 v, .
My =35 (v, - 532 (94) :
T . .
2
s - 4
Mys————"— (— +8) (96)
3 E¢ zz x2
l
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d
1 |
M4'(;T+d3°)'ﬁ (97)
2
d,dy - d,%) 0
(4,dy - d,
Mg n ——3.2 (98)
[]
8 M
0-32 or Om .;x (99)
x B
vt
1
d, = 1E? 4+ - e) Ex? (100)
1
d, = Eez’ + S0 -9 Ex” | | (101)
d 1 z
3-3E+-z-(l - o) Ez (102)
¥ o s taken to be i—. then: i
2.2, 1
d = 3Ez” (27 ¢ 3) (103)
5 2
d, = 5 Ex (104)
2
4y 2 3E =+ 1) {105)

If also vy, 1&. 11, and T are expressed in terms of z and @ (Eq. 87, 88, 89,

and 90) then the following expressions can be used in formula 89:

3 2
1 E
afL 4 (106)
N SR T _ [;4: a1 + ;zfl
b 2e% 31+ :z)z 1424 + L + 24 + 17:.4
128 1o(e? +9)2  16(9s% + 1)2  64(1 + 22)2

3

M, = 352 4 2 +3 (107)
i 1

M, =5 (9x* + 700% + 9) (7+9) (108)
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3
Mrg [ierenaten o) _ (109)
M, = % [9:‘ +10s 4 9] o (110)

For conctructions for which the shear deformation in the core is negligible,
as it is when p",x is very large and 8 is finite, 8, may be taken equal to sero,
4

Then expression (93) car be minimized with respect to , resulting in:

2MyM, (1+ L)

K= 2 - 1,2 (111)
L)Y ([l + fz) h

Thus, K, is & function of My and M, and the stiffness of the sandwich, It

was found by computltion—t?at a relative minimum of MM, = .24 pecurs at
z = 6.55 The minimum buckling atress is thén proportionat to!

(112)

(113)

By letting N = -lé—o-. the fullowing expression can be written from cquation (89)

for constructions having any value of 5yt

&
5M,Q Mon+ M,n8
11 5 2 3" Y%
N a + + Q,M,N (114)
2
in B, G |, MytBy + Mgnis, 2
whera
i
Q=T {11%)

It was found in Forest Products Laboratory Peport No. 1505 (10) that the
values S I+ L and Iy can be expressed as follows:
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2
xn,-T‘z[h’-c’-"—z—‘%-] (116)

f+e/h
) 2
x(.i‘%:)_q..(h_:‘_cl‘]_. (117)
where
fy - o
da ‘2 z - (118)

After substituting thene expressions in the formulas for Q, and Q, and
aimplifying 91 and S;_ become: H

Q. = 120 (1 - c/hi2 (119)
! IZEdz
(-c¥n3y (- crnj- N
L ql
i =
(l - c/h) +3(Q - c!h) n2
Q. = (120)
2 2 dz 12cd®

(1-c3m)(1-crm)- T" - eyt 30 - e/m)? S5 - 3

In equation {114) Ml' Mz. M3. M4. and MS depend upon z and 4, and 21
and QZ' depend upon clh and dlh Formula (114) can then be written with

appropriate values of 8, ¢/h, and d/h and then a relative minitnum value N
found by choosing a serics of values of % and 5. The facing stress at which
buckling will occur is then given by:

4N h
z == B -
Buckling Stress of Sandwich Constructions
with Isotropic Facin ngs of Equal Thickneu
and Orthotropic or Isotropic Core

Factors in formula (114} can be simplified for sandwich constructions hav-
ing facings of equal thickne... i..end = 0 and after simplification

Q, = (122)
1 ch/h"fllh"‘l
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2
1 f1-~¢c/h
Q=3 (Tm) t23)
' &nd finally formula (114) becomes
| | N -_"53! .0 +z:(h)a My« My 28 2 L -—Lv;(h “z':' (124)
i ; ™
I- l 1+ M‘rﬁx + M5 S‘ f

' The buckiing load, which is proportioned to N is obtained by finding the iowest
i relative minimum of expression (124) with respect to nand 2. Expression
(124) can be minimized by taking a derivative with respect to nand setting

the derivative equal to zero, This leands to & sixth power eq\utioni

Minimium roots of fwith respect to & and for various values of _ﬂ, and
B were deterdined by mezne of & diglieal romputey. Minimom valnes of N

at various values of 8,‘ and for clh equai to 0.9, 0.8, 0.7, and § equal to

0.4, 1.0, and 2.5 are given in Table | and shown as functions of S in figures

LR T SO,

4, 5, and 6, Also included in the table and figures are values of N N for

¢/h =1. These values represent sandwich constructions for which the stiff-
ness of the individual facings are assumed to be zero, Although no actual
constructisne can be made of this type, the values can be considered an
representing the limit for constructiona having extremely thin facings. These
values of N were obtained as follows. Substitution of ¢/h = | in equation (124)

L for N leuds to

! : . 2
: 5 M, 1 Mynt Man 8,
: N«gdX 5 tex — 3 - (128)
; 1 + M nS, + Mgn™8,
! which has one relative minimum value for n = @ This minimum value is
; given by
5M,
(126)

N=

l:’: 8,‘ MS
Substituting in this equation the values of M3 and MS given by equations (108)
and (llO) ylelds

5(-;”)
:z.,f‘s 0 (121)
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which {s minimum for 8 s & This minimum value (for o = | /4; hence
A= 15/16) is given by

e S 043
N TS, = (128)

Substitution of this valuz of N in equation (118) and using the value of 8 for
fy = f, and o/h = ] leads to the following limiting expression for Dyt -

4Eh 5 ”"“L
% r 1% Ef "3 s 129)

o

For values of 8, ranging from 0 to about 0.6 it was found that equation (128)
did nnt give 1oWaat minlmum valuea. In thia range of & the minimum values

were obtained from squation (1 24) by use of a digital caputer.

The velue ¢* M given by ejuaiion {128} and the vaiue of the streas given by
equation (129) are independant of the radius of the cylinder and are the usual
critical values associated with shear instability of the core (15).

The value of 8 of 0.4 and its reci. cocal 2.5 were used in the calculations be-
cause they lpply to honeycomb cores oriented with the weak direction and
the strong direction parallel to the length of the cylinder. It has been noted
from figures 4 and 6 that in the range of small values of 8 where N is inde-
pendent of c/h, the orientation of the core makes little difference in the
value of N.

Application of Theoretical Resuits

The compressive facing stress at which buckling of cylinders of orthrotropic
sandwich construction eccurs is given by equation (77).

h

P KE, 7

where E_ is modulus of slasticity of {facings in axial direction, h is sand-

wich thicknen, r is mean radius of curvature, and K is given by formula
(79) ae

2
6a [ Y3 v
K e | — i ¢
3.2[ 1 llqu Y¢n
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where values of \ Y 1?;‘ and'_yJ are functions of s accor dingto equations (80),(81),
and (82) and v, l:-l function of 5 and s according to equation (86) and K is

taken as the least relative minimum with respect to nand 8.

' For sandwich constructions having isotropic facings of unequal thickness
{ and orthotropic cors K is glven by

4N
K--s-a-l-

whera N is given by equation (114) as

T Y Trana

fmay

M, Q M, n + M8
1™ Viafl+ M >
; N =t T Q)[ AT mzuzv..!
| : An 11 +Q, L1+M41‘S,+M,‘ﬂ"8g2 ]

g

where Q, and Q, are given by equations (!lé) and (120) and M;, M,, M;,
My, ar';ci—'Ms are functions of z according to equationa (iaﬁ),ﬁ?ﬂlm

e N A

: {109), and (110) and N is taken as the least relative minimum with respect
+ to nand &.

For sandwich constructions having isotropic facings {Poisson's ratio 1/4) of
: equal thickness and orthotropic core such that 8 = 0.44 or 8=2.54 or isotropic
: core {8 = 1.0) equation (114) for N has been solved for ¢/h = 1.0, 0.9, 0.8,
: and 0.7. Values of N for various Sy values are given in Table | and In

graphs in figures 4, 5, and 6. Then the critical facing streaa is given by

4N__h
Pe=3q, BT

where

Q. a3 5
1°Z 42t c/h+ 1

and N is given in terms of 5, where

4
~These ratios for @ were chosen as representative of honeycomb cores such
2s were evaluated in Forest Products Laboratory Report No. 1849,
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snd ¢ is core thickness, { is {facing thickness, E is modulus of elasticity of
£ ilnge, h is sandwich thickness, (c + 21), T is ‘mean radius of curvature,
aud p gx i» modulus of rigidity of core associated with shear strains in the

axial-radial plane,

The graphs can be uud with little error for determining N for constructions
having facings of unequal thickness, provided s is calcuiated using formula

(60) and Q, is calculated using equation (119).

The analysis may be extended to apply at atresses greater than the propor-
tional limit stress of the facings by use of an appropriate tangent or reduced
modulus nf siasticity for the facings. This entails a "trial-and.error' solu-
ticn involving use of the tangent or reduced modulus in the quantity 8 and
eisewhere uniil the resultant facing stress is compatible with the streaa-
modulué curve,

Results of the theoretical analysias fall approximately into three zones, de-
pending upon whether there is no shear deformaticn in the core (8, = 0),
some shear deformation in the core (small values of Sx), or conuderable
shear deformation in the core {lurge values of Sx)

For no shear deformation, the buckling stress is determined essentially by
means of the isotropic or orthotropic theory (depending upon facing proper-
ties) with the stiffress determiined by conaidering the spaced facings of the

sandwich.

For large shear deformations, the critical stress is associated with insta-
bility of the core in shear. This has been observed for sandwich construc-
tions in general (15), and It has been found that the mean critical stress
thus deterrined is the same, regardlesc of the original assumption of the
buckled shape. The smallest value of fg at which the critical stress is

determined by shear instability of the core, however, is greatly affected by
the assumed form of the buckled shape. The inclusion of the stiffnesses of
the facings I gives rise to the family of curves for dif{arent values of ¢/h,

as shown in figures 4, 5, and 6, instead of & single curve. I the stifinesses
of the individual (acings had been neglected, one curve only, that for ¢/h = 1,
would have resulted. The percentage incrcase in buckling stress due to the
silffnesses of the individual facings increases as the shear deformation in-
creases, For small sheay deformations, the increase is negligible.
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From the reasoning involved in the theory leilling to squation (717), considar.
abje scattar in the axperimental values of thei= rillcal stress is to be expected
becauss of the effect of initial irregularities, RSimilar scatter la exhibited

by homoganeous cylindrical shells, for the ssaereason,

The possibility of fallure by wrtnkunj of the (i «cings at a strass Jower than
that predicted by aquation (77) should be consi@Biered,

The analysis in this report involves a numbe: mof spproximations and assump-
tions. Such procedures are necessary until immora rigorous treatment of the
problem is developed, A completely rigorous treatment of the buckling of a
homogsneous cylindrical shell is still lacking in spite of the rnoteworthy
contributions of von Karman and Teien.

Teats of Gurved Puseh

The large size of complete circular, cykindric aisheils having rsalistic fac-
ing and core thicknEsses and carvatures coull not be adaptad to the available
testing apparatue, Therefore, axial compreimmive tests were conducted on

rectanguiar panels curved to various radii. T"he dimensions of these pancls

were chosen so that their widths and lengthe were large enough to intlude at

least one buckle of a cize predicted by theory (b:—- and ”Zn- )} as shown
in table 2,

it was then assumed that the curved panel wo.ldbehave approximately as a
complete cylinder. The type of edge suppor|i{described ater) was such as

to wvroduce no clamping.

Teot Specimens

The test specimens were easentially of isotro pic construction huving facings
of clad 248T aluminum alloy on cores of eithh rhtalsa wood, oriented so that
the grain direction was norrnal to the facing), or of corkboard of three dif-
ferent densities., Corkboard cores were chd en because their low modull
of rigidity afforded means of exploring shelll in which sixeable reductions
of buckling stresses, caused by large core i ear deformations, could easily
be obtained. These corkboard cores had shimring modull of 1,500, 950, and
320 pounds per square inch, as compared to 5,000 pounds per square inch
for the end-grain, balsa-wood core.
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Dimensions of the apscimens are given in table 2, The panel eizes ranged
from approximateiy 70 inches square to panels 12 inches wide and 30 inches
long, Msean radii of curvature ranged irom approximately 90 inches to 10
inches. Ths sandwich constructions had faclngs of 0.012 inch, 0,02C inch,
or 0.032 inch thickness on cores of approximately 1/8 inch, 1/4 inch, or 1/
inch thickness. All constructions tested had facings of equal thickness.

The specimens were manufaciured by the bag-molding procecs. Detailed
description of techniques and bonding adhesivas used in this process are
given in Forest Products Laboratory Report No. 1574(3). The curvature
was attained at the time of molding by ueing a steel meld curved to the de-
sired radius. A strip of sluminum 1 inch wide and 0.032 inch thick was
bonded to the facings at each end of the apecimen., This was done to facili-
tate machining of the specimen ends and also to prevent local end failure
during the teat. The ends of the specimens were machined square and true
in a milling mazhine.

Tasting

The vertical edges of the specimens were held straight by loose-titting wood
guidea, These guides were approximately & inches by 2 inches in croes acc-
tion and of lengthe 1/4 inch shorter than the test specimen. They were
grooved in the lengthwise direction with grooves approximately 1/4 inch deep
and wide enough to aliow the guides to be alipped onto the edges of the teat
specimen. No attempt was made to clemp the vertical edges by fitting the
guides tightly,

The luower ends of specimens not wider than 30 {nches were placed on a
heavy flat plate, which was supported by & spherical bearing placed on the
lower head of a hydraulic testing machine, The heads of the testing machine
were then brought together until the apecimen just touched the upper piaten
with no load indicated, Adjustments were I au: on the apherical base until

no light could br seen between the ends of the specimen and the loading heads.

Bcrew jacks were then placed under the lower loading plate to prevent tilting
of the plate while the load was being applied to the specimen. A single thick-
ness of blotting paper was incerted at the ends of the specimen to help pre-
vent local end failures. The iond was then applied slowly until fafluze oc-
curred,

Specimens wider than 30 inches were tested between the heads of 2 four-
screw, mechanically operated, testing machine, No spherical bearing was
used. The specimens were cut as trus as possible. M light could be seen
betwren the ends of the specimen and the heads of the testing machine, shims
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of paper or brass werd insscted until the gap was closed, These wide spaci-
mens wers also very long; thereidre, small irregularities in the end hearing
ware abscrbed early in the tast without cauaing large variations from uni-
formity im the sirssses in the facings.

Results of Tests

The facing stresaes at the failing loads of the curved panels are given in
table 2, For later comparison with theoretical values, the parameter N
was calculated {or each test specimen by using the formula

4Eh

where

E = 10,000,000 pounds per square inch (modulus of elasticity of facings)

The viaible failures of the specimens were of a type caused by buckling.
Large, thin specimens actually showed large buckles, which disappeared
after release of lnad. The appearance of these buckies always caused a
sudden drop in the load. Small, thick specimens showed buckling, followed
immediately by a crimpring appearance at the edges of the buckle. This
crimping was undoubtedly due to shear {ailure of the core caused by high
stresses induced in the sandwich by the buckle, Many of the thick speci-
mens exhibited no visible signs of buckling but showed similar erimping,
The rapidity of {ailure occurring immediately upon buckling undoubtedly
prevented visual observation of the buckle itself. Simiiar behavior was ub-

served for cylindrical shells of plyweod (i 1).

Comparison of Theoretical and Experimenial Results

The theoretical and experirnental values of N are given in table 2. A com-
parison between them may be obtained by raferring to figure 7 which shows
the experimenial values plotted against the theoretical values, The acatter

of points about & line representing equality between experimental and theoreti-
cal values shows that theory and experiment agree within approximately + 30

percent,

In view of the Inevitable scatter of experimentally determincd buckling
stresses that is associsted with initial irregularities of shepe and variations
of material proparties, it is concluded that tha agreement between results of
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sandwich construction as that obsarved for thin, homogensous sheils {lig. 44,
report No. 1322.A (7)) or for plywood shalls {fig. 3, Forest Products Labora-
tory Report No. 1322 (18)). Thie reduction in scatter may be attributed to a
greatar toial thicknuss of sheli, Thus, irregularities that depart from the
true cylindrical surface of the order of the thickness of the shell are léas
likely to occur in sandwich shells than {n thin, homogeneous shells.

Conclusions

The buckling stress of long, thin-walled, circular cylinders of sandwich con-
struction in axial compression can be found with satisfactory accuracy by the
formulas and curves of the approximate theoretical analysis of this report.

Curved panels of slzcs large ciough tn inriude at laast one ideal buckle

2
&= Z‘F' and a .'-—'%)-bm;kh At atressenm approvimately equal to those of a

long, compiete cyiinder. )
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i. - ' Notation
: [y length of buckle,
; . |
I A Ay AS' Ay Ag defined by equations (42) to (46).
! i
i | l A'l, A'z, A'a, A", 5'5 defined by equations (52) to (55).
H 'I b width of buckle.
I i
! I i B 1/E,
i l ] :
: I : : ¢ thickness of the core,
. z
i ; cy mean circumfsrantial atreasa,
i : c 1 Aoy
! i Hm Ey
; { d -T2
! 2
! i d,, dp, dy defined by equation (57).
;
_: i eyxt Exyr etc. components of strain,
i i
4 E ey €3 €3 defined by equations {26), {27), and (28).
i ey defined by equation (64).
‘ g defined by equation (66}
Ey Ey Young's moduli of the facings
| ' E Ey () +12)
H » a h
l Ey _L_h___
t £y, o thicknesses of the facings.
{
g quantity proportional to mean radial expansion.
Rept. No. 1830 -36-
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| h e+ {) +1,,
1 defined by equation (49).
. I defined by equation (30).
K, k' parameters introduced in equations (31).
_ ' K see equations (74), (75), and (79). i
; : K, K;. K, defined by equations (23), {24), and (25). ;
! ; K, defined by equation (84). |
l; i A 2= /b .
! ' P mean compressive sirecas, |
a i Ps compressive stress in the facings. k !
‘ qQ, q introduced in equations (31).
r radius of middle surface of the cylindrical shell, }
: Sy BY defined by equations (%2).
T defined by equation (83).
9 axial component of displacement, ;
v clecumferential component of displacement, I
Uc strain energy of the core in the bending of the

sandwich shell,

Up, Uy strain energy of the facings in the bending ol the )
sandwich shell. I

i

w radisl component of diaplacement. '

Wl extensional strain energy. |

W, flexural strain energy.
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{
WS virtual work of the compressive taad,
Xer Xy ete, components of stress.
( i E ' b/a.
‘; i o ',‘ .
’ : [ A w/b.
| I ¢
L ! ’ Yyr Y Yy Yy defined by equations (80), (81), (82), and {86).
t ¥
_f — ] 6 a parameter that is proportional to depth of a
; } : buckle,
B 2 &, initial value of 6. \
5 t mean compressive strain.
[ R ; 13 coordinate shown in fig. 3.
X }
’ @ ,' n ﬂz hir,
v 3 A (1 - Ty ’yx)'
i i Fxy modulus of rigidity of the facings.
: p."x, ""Y'L moduli of rigidity of the core.
! po (M, +1,)
i W xz 1 2
: " B
£ 8 r/h,
)| Eo 6° r/h,
' Txy' Tyx Poisson's ratios of the facings.
'Y defined by equation {51).
L sy/sx.
' .
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and thecretical data For curved panels of imndwlih constrigt
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cylinder,
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Figure 3. --8ection of a cylindrical shell, where r is the
radius of the middie gurface of the shell, c is the thick-
ness of the core, l'. and l'z are the thicknesses of the

facings, q is the dhunce indicated in the figure, and
{ is the coordinate indicated in the figure.
Note: The curved lines are arce of concentric circles.
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